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This paper deals with the -rings RS of all real-valued continuous functions on a
completely regular σ -frame. It shows that, in marked contrast with the situation for
frames, any -ring homomorphism RS → RT results from a σ -frame homomorphism
S → T . Further, it proves the analogue of this for integer-valued continuous functions and
0-dimensional σ -frames. In all, this demonstrates that the important classical difference
between Alexandroff spaces and Tychonoff spaces with respect to the real-valued continu-
ous functions carries over fully to the pointfree setting – indeed, it adds the integer-valued
case which seems to be new in this context.
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1. Introduction
The classical background of the present topic is provided by the notion of Alexandroff space, meaning an entity X = (E,A)
where E is a set and A a collection of subsets of E closed under ﬁnite intersections and countable unions, subject to certain
conditions, with the obvious notion of continuous map, as suggested by ordinary topology. These spaces were originally
introduced by A.D. Alexandroff in 1940 [1], albeit in “dual form” using the collection of the complements of the U ∈ A, and
then treated extensively in two subsequent papers [2,3]. The main aspect of these spaces is that they are much more closely
related to their real-valued continuous functions than ordinary spaces, even in the “best possible” case of Tychonoff spaces:
for any Alexandroff space (E,A) in the version considered here, A is just the collection of the cozero sets of its real-valued
continuous functions.
Alexandroff spaces (still in their “dual” form) were independently rediscovered by Gordon [7] who called them zero-set
spaces in view of the dual of the property just mentioned. Among other things, he introduced a notion of realcompactness in
this context which translates into the present language as the condition that every σ -prime ﬁlter of A is ﬁxed, and deﬁned
a corresponding analogue of Hewitt’s realcompactiﬁcation. Subsequently much of the work presented in [7] was developed
by Hager [8] in the setting of uniform spaces who also noted that this subject was originally introduced by A.D. Alexandroff.
Finally, the observation that the Alexandroff spaces (E,A) as described above are characterized by the regularity of A is due
to Gilmour [6]. The latter then made it clear that the most obvious, though certainly not the only, way of dealing with the
pointfree aspects of Alexandroff spaces is to consider appropriate σ -frames. Recall that a σ -frame is a bounded lattice S
(with bottom 0 and top e) in which every countable subset A has a join (= supremum) subject to the distribution law
s ∧
∨
A =
∨
{s ∧ t | t ∈ A},
* Corresponding author.
E-mail addresses: iscoe@math.mcmaster.ca (B. Banaschewski), christopher.gilmour@uct.ac.za (C. Gilmour).0166-8641/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2011.01.006
862 B. Banaschewski, C. Gilmour / Topology and its Applications 158 (2011) 861–868and that S is called regular (respectively, completely regular) if a =∨an for some an ≺ a (resp. an ≺≺ a), for n = 1,2,3 . . . .
Here c ≺ a has the familiar meaning that there exists a c such that c ∧ c = 0 and a∨ c = e, and c ≺≺ a says that there exists
a sequence (snk)n=0,1,2,...;k=0,1,2,...,2n for which
s00 = c, s01 = a, snk = sn+12k, snk ≺ snk+1.
We note that c ≺ a implies c ≺ d ≺ a for some d in any regular σ -frame and hence c ≺ a implies c ≺≺ a provided one
assumes the Axiom of Countable Dependent Choice. Here, in line with the notion that this subject should be treated with the
weakest possible foundations, we shall not use the latter although we do assume the (strictly weaker) Axiom of Countable
Choice (ACC), given that very little can be done without that in the present setting. What we are going to deal with here
are the completely regular σ -frames. To put them in perspective, we note the following:
Examples. (1) The cozero part Coz L of any frame L is a sub-σ -frame of L where the proof that any countable join of cozero
elements is indeed a cozero element speciﬁcally uses ACC. Further, the complete regularity follows from the familiar fact
that
coz(γ ) =
∨{
coz
(
(nγ − 1)+) ∣∣ n = 1,2, . . .}
(Banaschewski [4]) while coz((nγ − 1)+) ≺≺ coz(γ ) by standard calculations.
(2) Any 0-dimensional σ -frame S is completely regular. Recall that 0-dimensionality means that every a ∈ S is a (count-
able!) join of complemented elements, and the complete regularity is then obvious because c ≺ c and then also c ≺≺ c for
any complemented c ∈ S . Of course, this means in particular that any Boolean σ -algebra is a completely regular σ -frame.
This paper is speciﬁcally concerned with the relation between the completely regular (resp. 0-dimensional) σ -frames
and their rings of real-valued (resp. integer-valued) continuous functions, and it will turn out that this is substantially closer
than the counterpart for completely regular or 0-dimensional frames, exactly in the spirit of Alexandroff’s original work.
It is organized as follows. We begin with a brief account of the rings RS and Z S of the real-valued and integer-valued
continuous functions on an arbitrary σ -frame S which essentially amounts to explaining that the familiar facts concerning
the corresponding notions for frames carry over to the present setting (Section 2). Next, we turn to the results in the
real-valued case (Section 3), establishing ﬁrst a crucial universality property of the cozero map RS → S for any completely
regular σ -frame S (Lemma 1) and then use this to show that any -ring homomorphism RS → RT for completely regular
σ -frames S and T is an Rτ for some σ -frame homomorphism τ : S → T (Proposition 1). Following this, we establish
exactly the same type of result for the integer-valued case despite the fundamental difference between the two settings
which require completely different methods of proof (Section 4). Finally, we give an account of two alternative ways to
obtain these results which differ from those used in Sections 3 and 4 in that they depend on certain frame results whereas
the earlier proofs deal exclusively with σ -frames.
2. Continuous functions on σ -frames
As is to be expected, the continuous real-valued functions on a σ -frame S are just the σ -frame homomorphisms
L(R) → S where L(R) is the usual frame of reals, here taken as a σ -frame. Regarding L(R), it is crucial for present
purposes that the frame L(R) deﬁned by the familiar generators and relations is actually the same as the σ -frame de-
ﬁned by these generators and relations. This follows immediately from the fact that (i) the relations involved only deal
with countable joins and (ii) any countably generated σ -frame S is automatically a frame such that any σ -frame homo-
morphism of S into a frame is a frame homomorphism: if G ⊆ S is a countable ∧-subsemilattice of S generating S then∨
X =∨{s ∈ G | s a ∈ X} for any X ⊆ S .
As a result, the usual deﬁnitions of the algebraic operations for the continuous real-valued functions on a frame as well
as the proofs of the various equations they satisfy are equally valid in the σ -frame situation, again resulting in a com-
mutative f -ring with the constant function 1 as its unit, denoted RS in the following. Similarly, the arguments regarding
archimedeanness and the functoriality of S 	→ RS apply here as well.
Further, just as in the frame case, there is the fundamental connection between RS and S provided by the cozero map
cozS : RS → S, γ 	→
∨{
γ (p,0) ∨ γ (0,q) ∣∣ p < 0 < q in Q}
with all the various properties familiar from the setting of frames. In particular, we note that:
(i) for any γ ∈ RS , cozS (γ ) = e implies that βγ = 1 for some β ∈ RS ,
(ii) for any γ ∈ RS and p,q ∈ Q, γ (p,q) = cozS ((γ − p)+ ∧ (q− γ )+) (boldface indicating constant functions), and
(iii) any completely regular σ -frame S is generated by the cozS (γ ), γ ∈ RS: whenever s ≺≺ a in S there exists γ ∈ RS
such that s  cozS (γ )  a, by the same deﬁnition of γ as that used for frames, and since a =∨an for an ≺≺ a this
proves the claim.
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just because any joins involved are countable joins. Hence, for each σ -frame S , we obtain an archimedean Z-ring Z S , that
is, an archimedean (and hence also commutative) f -ring with unit 1 which satisﬁes the Z-identity
γ ∧ (1− γ ) 0,
whose elements are the maps
γ : Z → S such that γ (k) ∧ γ (l) = 0 if k 
= l and
∨{
γ (m) |m ∈ Z}= e
and whose operations are deﬁned as in the frame case. Furthermore the correspondence S 	→ Z S is functorial in the obvious
way.
Again, as in the real-valued situation, we have the corresponding cozero map Z S → S taking γ ∈ Z S to ∨{γ (m) |
0 
=m ∈ Z}. Note that the latter is complemented, its complement being γ (0) by the deﬁnition of these γ ; conversely any
complemented c ∈ S is such a cozero element, for instance of the associated characteristic function γc deﬁned by
γc(1) = c and γc(0) = ∼ c, the complement of c.
Regarding the latter, it turns out that they are exactly the idempotents of Z S or, equivalently, the γ such that 0  γ  1
(the equivalence resulting from the Z-identity). Further, in view of all this, a σ -frame is generated by the present cozero
elements iff it is 0-dimensional.
3. The main result: the real-valued case
We use here the following auxiliary notion, modelled after the corresponding concept in the context of frames. For the
details regarding the latter, see Banaschewski [5], page 320.
For an archimedean f -ring A with unit 1, a σ f -support on A is a map μ : A → S , S any σ -frame, such that
(S1) μ(ab) = μ(a) ∧ μ(b), μ(1) = e, μ(a + b)μ(a) ∨ μ(b), μ(0) = 0.
(S2) If 0 a b then μ(a)μ(b).
(S3) For any a,b 0, μ(a) =∨{μ((na − b)+) | n = 1,2, . . .}.
Furthermore, such μ : A → S will be called full whenever S is generated by Im(μ) as σ -frame.
Note that the corresponding frame notion, called f -support, is deﬁned by exactly the same conditions so that the only
difference is that we now consider σ -frames instead of frames as codomains of these maps – which is possible since (S3)
only concerns countable joins. In particular, a σ f -support also satisﬁes the following additional identities which hold for
f -supports because the relevant calculations only involve ﬁnitary operations so that they are equally valid here:
μ(m1) = e for anym 
= 0 in Z, μ(a) = μ(|a|), μ(a ∧ b) = μ(a) ∧ μ(b);
μ(a ∨ b) = μ(a + b) = μ(a) ∨ μ(b) for a,b  0.
Speciﬁcally, then, μ(a) = μ(|a| ∧ 1) so that one only needs to consider the μ(a) for 0 a 1.
Examples. (1) For each σ -frame S , the cozero map cozS : RS → S . This is seen exactly the same way as it is in the frame
case. Note that, for any completely regular S , cozS is in fact full, as pointed our earlier.
(2) Derived from cozS , we further have the composites τ (cozS )ϕ for any τ : S → T in CRσFrm and any -ring homomor-
phism ϕ : A → RS .
(3) The universal σ f -support for any archimedean f -ring A with unit. Let SA be the σ -frame deﬁned by the generators
a ∈ A and the relations expressing the conditions (S1)–(S3), and put μA : A → SA for the map determined by a 	→ a. Then it
is immediate that any σ f -support μ : A → S determines a unique σ -frame homomorphism τ : SA → S such that τμA = μ
exhibiting μA : A → SA as the universal σ f -support on A, obviously full by the deﬁnition of SA.
Now we have the following fundamental result concerning cozero maps.
Lemma 1. For any completely regular σ -frame S, cozS : RS → S is the universal σ f -support on RS.
Proof. We ﬁrst establish a couple of preliminary results.
1. Any full σ f -support μ : RS → T is an onto map.
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earlier). Consider then α =∑ αn2n ∈ RS , which exists here as well as in the frame case. Now a  μ(α) since αn  2nα
and hence μ(αn)μ(α) for all n. On the other hand, a simple calculation shows for any k that
(
2kα − 1)+  2k k∑
0
αn
2n
,
hence μ((2kα − 1)+)∨k0 μ(αn) a so that μ(α) a by (S3) and thus, in all, a = μ(α).
2. For any full σ f -support μ : A → T , T is regular.
For any a 0 in A and natural n, μ((na − 1)+) ≺ μ(a) because
μ
(
(na − 1)+)∧ μ((1− na)+)= 0, μ(a) ∨ μ((1− na)+)= e
by the additional properties of μ listed earlier, and by (S3) this proves regularity.
To complete the proof, let τ : S(RS) → S be the σ -frame homomorphism such that τμRS = cozS provided by the uni-
versality of μRS : RS → S(RS). Then τ is onto since cozS is onto by (1) and its fullness, pointed out earlier; further, in
view of (2), τ will be one–one and hence an isomorphism if we show it is codense. Now, for any u ∈ S(RS) such that
τ (u) = e, u = μRS (γ ) for some γ ∈ RS by (1) and then coz(γ ) = e by the deﬁnition of τ . Hence βγ = 1 for some β ∈ RS ,
as noted earlier, and ﬁnally e = μRS (βγ )μRS(γ ), showing u = e as desired. 
Remarks. (1) Regarding (2) in the above proof, a more reﬁned argument (still only using ACC) actually shows T is completely
regular but since regularity is suﬃcient for present purposes we leave it at that.
(2) By (1) of the above proof, cozS : RS → S is onto.
Proposition 1. For any completely regular σ -frames S and T , any -ring homomorphism ϕ : RS → RT is an Rτ for some τ : S → T .
Proof. Given ϕ as stated, the σ f -support (cozT )ϕ : RS → T determines a homomorphism τ : S → T such that τ cozS =
(cozT )ϕ by Lemma 1. Now, for any γ ∈ RS and p,q ∈ Q,
ϕ(γ )(p,q) = cozT
((
ϕ(γ ) − p)+ ∧ (q− ϕ(γ ))+)= (cozT )ϕ((γ − p)+ ∧ (q− γ )+)
= τ cozS
(
(γ − p)+ ∧ (q− γ )+)= τγ (p,q) = ((Rτ )(γ ))(p,q)
the second step since ϕ preserves the rational constants, and hence ϕ = Rτ . 
Corollary 1. R provides a full embedding of CRσFrm into the category of archimedean f -rings with unit.
Proof. Fullness is exactly what the proposition provides. Regarding faithfulness, if Rσ = Rτ for σ ,τ : S → T then σγ = τγ
for each γ ∈ RS so that, in particular σ(cozS (γ )) = τ (cozS (γ )) and hence σ = τ by the fullness of cozS . 
Next we turn to a consequence of Proposition 1 concerning certain uniformities on completely regular σ -frames. For the
required background we refer to Walters-Wayland [10].
Recall that the natural uniformity of the frame L(R) of reals is understood to be the uniformity generated by the covers
Cn =
{
(p,q)
∣∣ 0 < q − p < 1
n
; p,q ∈ Q
}
, n = 1,2, . . . ,
and that, for any completely regular frame L, the images γ [Cn], γ ∈ RL and n = 1,2, . . . , generate a uniformity on L,
referred to as its real uniformity. Further, if L is complete in this uniformity it is called realcomplete, and we shall use the
same terminology for the analogous notions concerning regular σ -frames.
Now we have:
Corollary 2. Any completely regular σ -frame is realcomplete.
Proof. By Chapter 3 of Walters-Wayland [10] it is clear that L(R), taken as uniform σ -frame in its natural uniformity, is
complete because we know it is complete as uniform frame. Now, for any completely regular σ -frame S , let τ : T → S
be its σ -frame realcompletion. Then, any γ ∈ RS , being trivially uniform for the natural uniformity of L(R) and the real
uniformity of S , determines γ ∈ RT such that τγ = γ since τ is the coreﬂection map from the complete uniform σ -
frames (Walters-Wayland [10]) showing that Rτ is onto and therefore an isomorphism (being one–one since τ is dense).
Consequently, by Proposition 1, we have a homomorphism σ : S → T such that Rσ = (Rτ )−1, and a simple calculation
then shows that τ is an isomorphism, proving the realcompleteness of S . 
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(Walters-Wayland [10]) Corollary 2 provides a noteworthy strengthening of that result.
(2) Proposition 1 actually holds already in the stronger form which only requires ϕ to be a ring homomorphism because
in the present setting any such ϕ is in fact an -ring homomorphism. To see this one uses that, in any RS , γ  0 iff it is
a square and α2 = β2 for α,β  0 implies α = β . Here, the ﬁrst part implies that ϕ(|α|) 0 for any ring homomorphism
ϕ : RS → RT and α ∈ RS , and then |ϕ(α)|2 = ϕ(|α|)2 implies ϕ(|α|) = |ϕ(α)| by the second part, which is all that needs
to be shown.
We close with a comment regarding the σ -frames SA. As noted earlier, for any full σ f -support μ : A → T , T is actually
completely regular, which in particular applies to SA. Furthermore, the description of SA makes it quite obvious that the
correspondence A 	→ SA is functorial so that, in fact, we have a functor S from the category of archimedean f -rings with
unit to CRσFrm. Moreover, this functor is left adjoint to R. The point here is that the proof of the relevant result used in
the frame case (Banaschewski [5]) is equally applicable here. It might be added that, again as in the frame case, the mere
existence of such a left adjoint is almost trivial, but that this is provided by S is substantially less so. Finally we note
that [5] can also be used to obtain the concrete description of S where an archimedean kernel of A is an -ideal J of A
for which A/ J is archimedean: SA is isomorphic to the σ -frame of all countably generated archimedean kernels of A such
that μA : A → SA corresponds to the map taking each a ∈ A to the archimedean kernel generated by a.
4. The main result: the integer-valued case
Next we turn to the integer-valued counterparts of the above results, beginning with the corresponding lemma. It will
be noted that, although the broad outline of the arguments here is essentially the same as in the earlier case, there are
considerable differences in some of the details.
Regarding the present cozero map cozS : Z S → S , γ 	→∨{γ (m) | 0 
= m ∈ Z}, note that this is related to the original
one for RS by the fact that any γ ∈ Z determines γ˜ : L(R) → S by γ˜ (p,q) =∨{γ (m) | p < m < q} for which cozS (γ˜ )
is the same as the present cozS (γ ). Moreover, γ 	→ γ˜ is an -ring embedding Z S → RS just as in the case of frames
(Banaschewski [5], Section 2). In all, then, this implies that, as expected, cozS : Z S → S is a σ f -support, and the crucial
result in the present setting is then
Lemma 2. For any 0-dimensional σ -frame S, cozS : Z S → S is the universal σ f -support.
Proof. It is clear that μZ S : Z S → S(Z S) again determines a σ -frame homomorphism τ : S(Z S) → S such that τμZ S =
cozS . Then, by 0-dimensionality, τ is onto because Im(cozS ) consists of all complemented elements of S , as noted earlier.
Next, for any γ ∈ Z S , μZ S (γ ) is complemented because we may assume 0  γ  1 which makes γ an idempotent, and
any σ f -support maps any idempotent to a complemented element. In particular, it follows that S(Z S) is 0-dimensional,
and to show that τ is an isomorphism it will again be suﬃcient to see that it is codense.
Now, for any u ∈ S(Z S), let u =∨{μ(αn) | n = 1,2, . . .} (μ = μZ S for short) with αn ∈ Z S such that 0  αn  1, and
use the fact that the αn are idempotents to obtain a corresponding family of pairwise disjoint idempotents, given by the
familiar inductive deﬁnition
β1 = α1, βn+1 = αn+1(1− β1 · · ·βn).
It then follows that β1 ∨ · · · ∨ βn = α1 ∨ · · · ∨ αn and consequently ∨μ(βn) =∨μ(αn) = u.
Further, assume that τ (u) = e. Then e =∨ cozS (βn) and the complemented elements cn = cozS (βn) are pairwise disjoint
so that we can deﬁne γ ∈ Z S by γ (n) = cn (n = 1,2, . . .) and γ (m) = 0 for m 0. Next, for any k = 1,2, . . . let γ |ck ∈ Z(↓
ck) be the usual restricted function, that is
(γ |ck)(m) = γ (m) ∧ ck = cm ∧ ck =
{
ck (m = k),
0 (m 
= k),
which says that γ |ck = k|ck = k1|ck by the nature of constant functions. Consequently
(n1− γ )+|ck = (n1|ck − k1|ck)+ = (n − k)+1|ck =
{
(n − k)1|ck = (n − k)γck |ck (k < n),
0|ck (k n).
Next, for any given n and k = 1,2, . . .(
n−1∑
i=1
(n − i)γci
)∣∣∣∣ck =
{
(n − k)γck |ck (k < n)
0|ck (k n)
}
= (n1− γ )+|ck,
the second step by the preceding calculation, and by taking join over all k we obtain
(n1− γ )+ =
n−1∑
(n − i)γci .
i=1
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αn−1, acting μ on this identity shows
μ
(
(n1− γ )+)= n−1∨
i=1
μ(βi) =
n−1∨
i=1
μ(αi)
which in turn implies
u =
∨
μ(αn) =
∨{
μ
(
(n1− γ )+) ∣∣ n = 1,2, . . .}= μ(1) = e
by (S3) and (S1). Thus τ is codense. 
Proposition 2. For any 0-dimensional σ -frames S and T , any -ring homomorphism ϕ : Z S → ZT is a Zτ for some τ : S → T .
Proof. By Lemma 2 there exists a homomorphism τ : S → T such that τ cozS = (cozT )ϕ . On the other hand, a simple
calculation shows for the idempotent (1− |γ −m|)+ that
cozS
((
1− |γ −m|)+)= (1− |γ −m|)+(1) = γ (m)
for any γ ∈ Z S , and using this for ϕ(γ ) as well we obtain
ϕ(γ )(m) = cozT
((
1− ∣∣ϕ(γ ) −m∣∣)+)= (cozT )ϕ((1− |γ −m|)+)
= τ cozS
((
1− |γ −m|)+)= τγ (m) = (Zτ )(γ )(m),
the second step since ϕ preserves the integral constants, and therefore ϕ = Zτ . 
As before, we further have the following consequence, with exactly the same proof:
Corollary 3. Z provides a full embedding of ODσ Frm into the category of archimedean Z-rings.
Next we turn to the analogue of Corollary 2 in the present context. Here, the corresponding uniformity on a 0-
dimensional frame L is its Z-uniformity, the uniformity generated by all countable partitions, that is, the countable covers
consisting of pairwise disjoint elements, and L is called Z-complete if it is complete in this uniformity. Further, as in the
earlier case, we shall use the same terminology for the corresponding σ -frame notions.
Then we have
Corollary 4. Any 0-dimensional σ -frame is Z-complete.
Proof. In this situation, it is convenient to consider the γ ∈ ZL for any frame L as frame homomorphisms, namely from
OZ = PZ, the discrete topology on Z, to L by putting
γ (U ) =
∨{
γ (m)
∣∣m ∈ U} (U ∈ OZ)
which amounts to viewing γ (m) as γ ({m}). Now, the Z-uniformity of OZ is generated just by the singleton cover {{m} |
m ∈ Z} and hence consists of all covers which makes OZ Z-complete. Further, it is then clear by Walters-Wayland [10]
that OZ is also Z-complete as σ -frame while the γ ∈ Z S , for any 0-dimensional σ -frame S , may be regarded as σ -frame
homomorphisms OZ → S which are uniform for the respective Z-uniformities. Consequently, entirely the same argument
applies here as in the earlier case: if τ : T → S is the Z-completion of a 0-dimensional σ -frame S then any γ ∈ Z S
determines a γ ∈ ZT for which τγ = γ , showing that Zτ : ZT → Z S is an isomorphism, and by Proposition 2 this implies
τ is an isomorphism, as desired. 
5. An alternative approach
There is a fundamentally different way to obtain the above two propositions, namely by transferring the given σ -frame
situations to frames by means of the relevant functors, applying the appropriate frame results, and then returning the
information obtained back to σ -frames.
Thus, to start with, one recalls the functors
H : CRσFrm → CRFrm and Coz : CRFrm → CRσFrm
between the category CRσFrm and the corresponding category CRFrm of completely regular frames, where HS is the frame
of σ -ideals of S ∈ CRσFrm and Coz L the σ -frame of cozero elements of L ∈ CRFrm, and the analogous functors
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between the subcategories given on either side of the original situation by the 0-dimensional entities, where H acts as
before while Bσ L is the sub-σ -frame of L generated by its complemented elements. In both cases, the functors are adjoint
to each other, with respective adjunction maps
ηS : S → CozHS, a 	→↓a (S ∈ CRσFrm),
L : HCoz L → L, J 	→∨ J (L ∈ CRFrm)
and
ηS : S → BσHS, a 	→↓a (S ∈ ODσFrm),
L : HBσ L → L, J 	→∨ J (L ∈ ODFrm)
where ↓a signiﬁes the principal ideal determined by a. Further, in the ﬁrst case, ηS is always an isomorphism while L
is an isomorphism iff L is realcomplete, or equivalently iff L is Lindelöf. Analogously, in the second case, ηS is again an
isomorphism for any S and L is an isomorphism iff L is Z-complete, or equivalently, again, iff L is Lindelöf. In all, then,
these functors induce the two equivalences
H : CRσFrm → C and H : ODσFrm→ C0
where C and C0 are the subcategories of CRFrm and ODFrm given by realcompleteness and Z-completeness, respectively.
We note that the ﬁrst of these equivalences goes back to Madden and Vermeer [9] while the second one, though not
explicitly stated anywhere, is readily veriﬁed.
So far the basic setting. What has to be added here is a comparison between the rings of continuous functions on either
side of these equivalences. For this, consider the maps
ΦS : RS → R(HS), γ 	→ γ γ (p,q) =↓γ (p,q),
for each S ∈ CRσFrm and
ΨS : Z S → Z(HS), γ 	→ γ γ (m) =↓γ (m),
for each S ∈ ODσFrm (allowing notational confusion concerning function rings on σ -frames and on frames). Then we have
Lemma 3. ΦS and ΨS deﬁne natural isomorphisms R → RH and Z → ZH.
That ΦS and ΨS indeed map as indicated and provide -ring homomorphisms natural in S needs some checking but
that is fairly straightforward; further, that they are one–one is entirely obvious from their deﬁnition, but that they are onto
requires somewhat more involved arguments, speciﬁcally based on the fact that HS is Lindelöf. We omit the details.
Now regarding Proposition 1, any -ring homomorphism ϕ : RS → RT (S, T ∈ CRσFrm) determines the -ring homo-
morphism ΦTϕΦ
−1
S : R(HS) → R(HT ), and by a basic result concerning realcompleteness (Banaschewski [5]) there exists
a frame homomorphism h : HS → HT such that Rh = ΦTϕΦ−1S . Further, the equivalence H : CRσFrm → C then supplies
τ : S → T such that h = Hτ and combining this with the origin of h then shows
ΦTϕ = (Rh)ΦS = (RHτ )ΦS = ΦT Rτ
so that indeed ϕ = Rτ . Further, the argument concerning Proposition 2 is formally exactly the same, with Z replacing R
and Z-complete instead of realcomplete.
Apart from this, there is yet another way of proving the two propositions by means of known frame results, namely
by ﬁrst obtaining the two lemmas in that way and then deriving the propositions themselves the same way as before.
Indeed, one may well consider this the preferable route because in some sense the lemmas are more fundamental than the
propositions themselves. The following outline will show how this can be done.
The speciﬁc frame result one needs in the case of Lemma 1 is:
Any f -support σ : A → L on an f -ring A determines an -ring homomorphism ϕ : A → RL such that (cozL)ϕ = σ . (Ba-
naschewski [5], Lemma 6.)
It might be noted that the proof of this is of considerable length, making this one of the deeper results in that context.
Now, as a ﬁrst step, one obtains from this that the cozero map cozM : RM → M is the universal f -support on RM provided
M is realcomplete. Indeed, any f -support σ : RM → L determines an -ring homomorphism ϕ : RM → RL for which
(cozL)ϕ = σ by the result just quoted, and then ϕ = Rh for some frame homomorphism h : M → L if M is realcomplete,
showing that
(h cozM)(γ ) = cozL(hγ ) = cozL
(Rh(γ ))= cozL(ϕ(γ ))= σ(γ ).
868 B. Banaschewski, C. Gilmour / Topology and its Applications 158 (2011) 861–868From this one can derive Lemma 1 as follows. For any σ f -support μ : RS → T , the map μ : R(HS) → HT such that
μ(ΦS (γ )) =↓μ(γ ) is readily seen to be an f -support, and since HS is realcomplete there exists a frame homomorphism
h : HS → HT such that h cozHS = μ by what was just proved; further, by the properties of H there exists a σ -frame
homomorphism τ : S → T such that h = Hτ and an analysis of this situation then shows that μ = τ cozS , as desired.
Further, exactly the same type of argument can be applied to the integer-valued case, proving Lemma 2.
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